Bound entanglement, being entangled yet not distillable, is essential to our understandings of the relations between nonlocality and entanglement besides its applications in certain quantum information tasks. Recently, bound entangled states that violate a Bell inequality have been constructed for a two-qutrit system, disproving a conjecture by Peres that bound entanglement is local. Here we shall construct such kind of nonlocal bound entangled states for all finite dimensions larger than two, making possible their experimental demonstrations on most general systems. We propose a Bell inequality, based on a Hardy-type argument for nonlocality, and a steering inequality to identify their nonlocality. We also provide a family of entanglement witnesses to detect their entanglement beyond the Bell inequality and the steering inequality.
Introduction -Quantum nonlocality [1, 2] and entanglement [3, 4] are two intricately entwined quantum features that are essential in most quantum information processes in addition to shedding light on our understandings of reality. On the one hand, every entangled pure state is nonlocal [5] [6] [7] , which can be signaled by the violation of a single Bell inequality [8] . On the other hand, we are dealing with mixed states in most cases due to ubiquitous noises and there are entangled mixed states, e.g., Werner's states [3] , that admit a local realistic model, i.e., cannot violate any Bell inequality. Fortunately, by using distillation protocols [9] that involve only local operations and classical communications one can extract pure entanglement from many copies of entangled mixed states, showing therefore the nonlocality of entangled states that are distillable.
However there are entangled states, namely bound entangled states [10] , that are not distillable. This delicate entanglement does not exist in two-qubit and qubit-qutrit systems and the only examples known so far are entangled states with positive partial transpose (PPT) [11, 12] . This mystical invention of nature, as called by its founder [4] , is useful in certain quantum communication tasks not achievable by local means, e.g., distilling a secure quantum key [13] and reducing the communication complexity [14] . Peres [15] conjectured that bound entangled states were local, i.e., cannot violate any Bell inequality, and this conjecture was disproved at first in the multipartite case [16, 17] and most recently for a two-qutrit system by the discovery of a family of bound entangled states [18] that violate a Bell inequality [19] . A stronger version of Peres conjecture [20] on the steerability [21] was also disproved by the same family of states [18] .
In this Letter we generalize this family of nonlocal bound entangled states to all finite dimensions greater than two. We propose a Bell inequality, which comes from a Hardy-type argument, and a steering inequality and identify non-empty sets of nonlocal bound entangled states that give rise to small but finite violations. Our analytical approach also enables us to find the asymptotic violations in the limit of large local dimension. Moreover we present a family of entanglement witnesses to detect their entanglement.
Nonlocality, steerability, and entanglement -Let Alice and Bob be two space-like separated observers, each performing some local measurements on the compound system they share. If the correlation P (a, b|A, B) of every pairs of local measurements A and B with outcomes a, b assumes the following local form
with α, β ∈ {q, c}, then the state of the compound system is separable [3] in the case of (α, β) = (q, q), unsteerable by A or B [22] if (α, β) = (c, q) or (α, β) = (q, c), which is also called as a local hidden state model, and local if (α, β) = (c, c), which is known as a local hidden variable model. Here for a given hidden variable λ distributed according to P (λ), we denote P q (a|A, λ) = Tr(σ λ A) for some quantum state σ λ and a quantum measurement {A} and by P c (a|A, λ) a most general probability distribution, including quantum statistics as a special case. If such a local model does not exist, then the state is called as entangled (not qq), A(B)-steerable (not qc or not cq), and Bell nonlocal (not cc), respectively. Entanglement is necessary for steerability and steerability is necessary for the nonlocality. Various kinds of entanglement witnesses [23] , e.g., via local orthgonal observables [24] , steering inequalities [22] , and Bell inequalities have been proposed to detect the entanglement and nonlocality.
The nonlocal bound entangled states -Consider a bipartite system of two qudits with each qudit having d ≥ 3 distinguishable states {|i } A recursive construction and basic properties of these highly symmetric states Θ d are provided in the supplementary material. Our state reads
is the normalization constant, and
We denote by D = {(x, y)|x, y, ∆ > 0} and for each (x, y) ∈ D the state xy is well defined, with the pure states appearing in its definition as eigenstates, and has positive partial transpose because 
The open sets D Bell nonlocality -We consider the Bell scenario in which Alice performs d 2-outcome measurements A p = {A p ,Ā p } with p = 0, 1, . . . , d − 1 while Bob performs one d-outcome measurement B = {B 0 , B 1 , . . . , B d−1 } and one 2-outcome measurement B = {B 0 , B 1 }. We shall denote by, e.g., P (A p B q ) (or P (Ā p B 0 )) the probability of the event in which Alice measures A p obtaining outcome 0 (or 1) and Bob measures B (or B ) obtaining outcome q (or 0). In any local realistic model the following 2d conditions cannot be satisfied simultaneously
In fact, any hidden variable triggering the event A 0 B 0 , i.e., Alice obtain outcome 0 when measuring A 0 and Bob obtains outcome 0 when measuring B , will either cause the measurement A p to have outcome 1 for some p = 0, i.e., conditions Eq.(8b) cannot be satisfied, or cause the measurement A p to have outcome 0 for all p, i.e., conditions Eq.(8a) cannot be satisfied since any hidden variable has to trigger one of the event {B p }. This Hardytype of nonlocality test also gives rise to a Bell inequality
In the case of d = 3 our Bell inequality is equivalent to the one in [19] up to some nonsignaling conditions. Although we fail to detect the nonlocality of our states by using the Hardy-type of argument Eq. (8) we manage to identify a nonempty set of our states that do violate the corresponding Bell inequality Eq. (9) . To this aim we have to properly choose the measurement settings for each party. We consider the following family of basis (which may not be orthogonal)
for a single qudit with a, b being two arbitrary real numbers satisfying a 2 +b 2 = 1. The 2-outcome measurements for Alice are taken to be
is taken to be the d-outcome measurement for Bob. The 2-outcome measurement B for Bob is simply {P 0 = |0 0|,P 0 = I − P 0 }. Given these measurement settings, we can express the quantum mechanical version of the left hand side of the Bell inequality Eq.(9) as the expectation value of
in the given state xy , which turns out to be, as shown in supplementary material, with
In order to violate the Bell inequality Eq.(9) it suffices to demand det M N < 0 which turns out to be exactly the condition (x, y) ∈ D x N determined by Eq. (5). By exchanging the roles of Alice and Bob we can obtain a similar Bell inequality from Eq. (9) and similar violations by the state xy can be obtained if (x, y) ∈ D y N , since the state xy is changed into yx if two qudits are exchanged.
In the cases of 3 ≤ d ≤ 9 the maximal violations over all possible nonlocal bound entangled states in D x N , together with the optimal a determining the measurements {A p }, are documented in Table I . The maximization is taken over all the measurements parametrized by some (a, b) as specified above. Larger violations might be possible by choosing different kind of measurements. In the case of d = 3 the analytical counterexample presented in [19] corresponds to a = √ 24/5 while x = 3/10 and y = 1/60. Actually, the violation can be obtain analytically for every single state in D x N for all dimensions and in the large d limit the maximal violation can also be obtained analytically as shown in supplementary material.
Steerability beyond nonlocality -Bell nonlocal states are also steerable. Next we consider the steerability of our states, e.g., the possibility of Bob steering Alice, i.e., B-steerablity. For Bob we assume the same measurement settings as in the Bell scenario, i.e., B = {B p } d−1 p=0
and B = {B 0 , B 1 }. For Alice, since quantum theory is applicable, we consider a set of d+3 positive semidefinite
If the bipartite state is unsteerable from Bob to Alice, it holds the following inequality
In [18] an additional constraint Z dd = Z 0d has been imposed. A slightly larger violation to the above inequality can be expected by a more general choice. We consider the following family of operators
that are parametrized by (a, b) and 0 < s < 1. For any p, a, b, and 1 > s > 0 we have the following inequality, as shown in supplementary material,
so that the conditions Eq. (15) for Z operators are satisfied. By choosing the same measurement settings for Bob as in the Bell scenario, i.e., {B p = |B p B p |} and {B 0 = P 0 , B 1 =P 0 }, the quantum mechanical version of the left hand side of the steering inequality is given by the expectation value of
in the given state xy which assumes the same form as Eq. (13) with M N replaced by
In order to violate the steering inequality Eq.(16) it suffices to demand det M S < 0 for some 0 < s < 1. A straightforward calculation yields the conditions x > y and Eq.(6), i.e., (x, y) ∈ D x S (see supplementary material). By minimizing the negative eigenvalue of M S over all possible s with (a, b) taken to be the eigenstate of M S corresponding to the negative eigenvalue, we obtain the maximal violation for a given state. The maximal violation over all possible states in D x S for each 3 ≤ d ≤ 9 are documented in Table II , as well as the asymptotical maximal violation (see supplementary material). As expected, in the case of d = 3 there is a larger violation to the steering inequality Eq.(16) than that was found in [18] with a restricted measurement setting, which identifies only a subset of steerable states xy in D x S . Entanglement beyond steerability and nonlocalityThe violation to the steering inequality as well as the Bell inequality provides naturally an entanglement witness, namely W N and W S , for the nonlocal bound entangled states xy . These witnesses are however relatively weak with respect to entanglement detection because the quantum nature of none or only one party is taken into account. It turns out that these two witnesses belong to the following family of entanglement witnesses where α and β are two real numbers and P 0 , |B p and |A p are defined as before with a 2 + b 2 = 1. In fact W S corresponds to the choice α S = s and β S = s −1 − 1 with 0 < s < 1 while W N corresponds to the choice 
. Let J denote the set of all pairs (α, β) satisfying the conditions above, as illustrated in Fig.2 , and its boundaries are α = 0, 1 and the envelop of the straight lines defined by Eq. (22) taking equality
As expected (α S , β S ) and (α N , β N ) lie in the interior of J and the nontrivial witness on the boundary of J, namely (α t , β t ), will detect a larger set of bound entangled states. The expectation value of W E in the state xy assumes the same form as Eq. (13) with M N replaced by
Since the state is invariant under the exchanging of two qudits and x and y we can obtain a similar entanglement witness W E from W E by exchanging two qudits. Its expectation value in xy is determined by the matrix M E obtained form M E by exchanging x and y. In order to have an entangled PPT state xy it suffice to have det M E < 0 or det M E < 0 which turns out to be the condition (x, y) ∈ D E (see supplementary material).
(Color online) Illustration (not to the scale) of the range J of (α, β) for WE to be an entanglement witness.
Conclusions and discussions -We have constructed a family of bound entangled states and proposed a Bell inequality, a steering inequality, and a family of entanglement witnesses to detect their nonlocality, steerabilty, and entanglement. Our entanglement witnesses can also help detect other bound entangled states and entangled states for which other criteria might fail. Our proposed bound entangled states may find applications in the nonlocality-based or and semi-device dependent quantum information tasks. Their preparation in various physical systems might be facilitated by the symmetry of xy exhibited via Θ d . We believe that all the proposed states are entangled, as suggested by numerical evidences, even though they cannot be comprehensively detected by our entanglement witness. The questions of its generalization to continuous variable systems and bipartite systems with unequal local dimensions are left open. 
SUPPLEMENTAL MATERIAL

Construction of
whereP 0 = I − P 0 with P 0 = |0 0| is the projection to the d − 1 dimensional subspace. Partial transpose of xy -We shall prove that the state xy defined in Eq.(3) has positive partial transpose for all (x, y) ∈ D, i.e., x, y, ∆ > 0 by showing that xy = T1 xy with T 1 denoting the partial transpose made on the first qudit. To proceed we introduce a d − 1 dimensional maximally entangled state
in which we have taken into account Eq.(S2). For simplicity we shall denote by a hatted letter, e.g.,θ p , the projection of the corresponding pure state, e.g., |θ p θ p |, in what follows. First, since |Ψ = |00 + |Φ , we havê
Second, from the identity
Third, by taking into account the fact that
and
from which it follows that 
. As a result we obtain x < x N and, considering x > y, also (x, y) ∈ D 
with λ = x/y. Because λ > 1 we have (d−1) √ λ+1/ √ λ > d from which it follows 2z > (d − 1)x, i.e., x < x S .
Derivation of Eq.(13) -Recalling that
we can rewrite 
As a result we have
Taking into account a 2 + b 2 = 1 and
we finally obtain Eq.(13) with two by two matrix M N given by Eq. (14) . In the case of steerability W S and entanglement witness W E , which assume a similar form as W N , we can obtain similar expression of the expectation value Tr( xy W N ) as Eq. (13) with M N replaced by M S and M E respectively. Analytical violation to the Bell inequality -To have a nonzero violation we need det M N < 0, which turns out to be exactly (x, y) ∈ D x N defined by Eq.(5), or equivalently,
N giving rise to a nonlocal bound entangled state with a real numberλ > d + and an angle 0 < θ < π as following
together with x = yλ √ d − 1, by choosing
and recalling thatz = (d − 2)(1 − x 2 − y 2 ). The blue curve shown in the inset of Fig.1 corresponds to θ = π/2. Each givenλ >d + and θ ∈ (0, π) define a state xy via (x, y) given above. For this state we have
and we take (a, b) to be the eigenstate, which can be analytically determined by M N , corresponding to the negative eigenvalue
of M N and we obtain analytically the nonzero violation Asymptotic violation to the steering inequality -Let us denote λ = x/y and from the condition Eq.(6) for steerability it follows that there is ν > 1 such that
with K λ defined in Eq.(S9). That is to say every pair (x, y) ∈ D 
